The article presents the method of selecting scanning lines along which coordinate measurements, performed by using, e.g., a coordinate measuring machine working in the single point probing mode, of free-form surfaces of measured workpieces may be conducted. Additionally, the proposed method supports the user of a coordinate measuring system during defining the number of measurement points distributed along selected scanning lines, thus deciding on the final distribution of measurement points on a measured surface of a product. The proposed method enables distributing measurement points in the parts of a measured product characterized by the worst quality of manufacturing. Moreover, the new method is very automated, therefore it affects the increase in the efficiency of coordinate measurements. The effect of using the new method is the non-uniform distribution of measurement points located on free-form surfaces. The presented algorithm takes into account the lengths of selected cross-sections of a measured curvilinear surface of an object, its geometrical complexity and the accuracy of the probe radius correction process. The decision regarding the number of measurement points is made on the basis of the accuracy analysis of the calculations of the corrected measurement points obtained during the probe radius correction process and the accuracy of the substitute model representing a measured curvilinear surface. Two methods of the correction process were used. The accuracy of the applied methods of the probe radius compensation process was estimated on the basis of the deviations calculated between corrected measurement points and scanning lines. The selection of scanning lines and the number of measurement points was realized by using the expert system based on the fuzzy logic. The paper presents the results of both simulation and experimental investigations. The numerical calculations were performed for two selected free-form surfaces. The verification of the developed algorithm was carried out during experimental investigations based on a measurement of a selected free-form surface. The conducted research was aimed at verifying the correctness of the distribution of measurement points generated using the proposed method. In the case of real measurements, measurement points should be located in the places of surfaces of products characterized by the largest deviations of manufacturing. The results of the conducted investigations confirm the usefulness of the developed algorithm for defining the distribution of measurement points on curvilinear surfaces in the coordinate measuring technique. Moreover, the way of implementation of the developed method of the distribution of measurement points in selected commercial measurement software is presented, thus enabling the use of the new method in the industry.
Introduction
The coordinate measuring technique is widely used in the industrial practice in the case of measurements of products with regular geometrical shapes and workpieces built of curvilinear surfaces.
product [19] . Finding the optimal measurement strategy is the significant problem in the case of both surface reconstruction and its final measurement [20] . The strategy of selecting points has a significant impact on the accuracy of results of coordinate measurements [7] . In the case of measurements carried out with the use of CMMs, it is important to achieve a satisfactory level of measurement accuracy, taking into account the smallest possible number of measurement points [9] , which especially in the case of measurements performed in the single point probing mode is directly related to time of a measurement task. Therefore, coordinate measurements should be performed by using inspection methods which require a small number of measurement points and enable obtaining sufficient information to calculate deviations of manufacturing a product [6] . The planning of a measurement strategy usually takes place after finishing a manufacturing process of a given product, during programming CMMs. This results in a significant extension of the preparation stage of a measurement program. Therefore, defining strategies of measurements performed with the use of coordinate measuring machines may also lead to a delay in a manufacturing process of a given product and thus to the generation of additional costs [21] , reducing the productivity of a production process of a product. The process of strategy planning should be as automated as possible in order to speed up coordinate measurements. The next part of this article presents the state of the art regarding the methods of the distribution of measurement points on a measured surface of a product.
State of the Art in the Area of Determining the Location of Measurement Points
The strategies of selecting measurement points on a measured surface of an object are divided into three main categories [5] . The first of them is the so-called blind strategy, which is based only on the information about the nominal form of a measured area of a given product. In the case of the second group of methods, the positioning of measurement points is based on the knowledge of already selected points located on a surface of a measured object. The measurement strategies belonging to this category are called adaptive strategies. The adaptive distribution of measurement points in the coordinate metrology is possible, for example, on the basis of kriging models [22] . The last group includes measurement strategies that take into account the information about production processes of workpieces. However, the most common method is the uniform distribution of measurement points, which belongs to the first group. It provides reasonable accuracy but it requires a very large number of measurement points, which may make a measurement process inefficient. Moreover, uniformly distributed measurement points may inaccurately represent errors of a manufacturing process [17] , causing that the maximum deviations of a manufactured workpiece may be omitted when conducting measurements. Many methods of determining locations of measurement points on measured surfaces of objects have been published so far. The next part of the second section of this article presents the selected achievements in the field of the distribution of measurement points, which are presented in other publications. The detailed analysis of these papers was the basis for further work, the results of which are presented in this paper, conducted to increase the efficiency of coordinate measurements.
Li et al. [7] presented the enhanced maximin distance method when selecting measurement points in order to simplify points cloud. The selection of points is conducted based on the angle computation between normal vectors calculated at measurement points. The proposed method is dedicated mainly to non-contact measurements.
An interesting model of determining the costs of a measurement process was proposed in the work [5] . The proposed model can be used to choose the optimal distance between measurement points.
Pagani and Scott [20] presented the strategy of the distribution of measurement points, which takes into account the length of a given curve and its complexity. For this purpose, the parameterization of a curve was calculated based on the length of an arc of a curve and B-wavelets basis functions, which reflected the complexity of a shape of a given curve. The paper presents the example, which indicates that more points are located in places of sudden changes in the shape of a curve, and the distance between points increases in the case of flat areas. The proposed method was also used in the case of surface measurements and compared to other methods of determining the positions of measurement points, e.g., a random method called Latin Hypercube Sampling (LHS). The LHS method is also used in the new method of the distribution of measurement points, what is described in the next sections of this article.
The work [9] presents the algorithm of the distribution of scanning lines on a free-form surface of a product. A substitute surface, representing a measured surface, is calculated on the basis of selected lines. In the case of inadequate accuracy of substitute geometry, additional scanning lines are included. The selection of the position of a scanning line results from the analysis of the complexity of a considered surface and the deviation calculated between a substitute surface and its nominal CAD (Computer-Aided Design) model. The presented algorithm does not take into account any other elements of a measurement strategy when determining the distribution of measurement points.
Raghunandan and Venkateswara Rao [23] showed that the arithmetic mean deviation (Ra) of an assessed profile is also a helpful parameter when determining the number of measurement points necessary for measuring the flatness deviation by using a coordinate measuring machine.
The method of the distribution of measurement points in the case of coordinate measurements of free-form surfaces performed with the use of a non-contact measuring system was proposed in the paper [15] . In the case of this method, the measurements are carried out along curves being cross-sections of a measured surface with the group of planes, and the distribution of control points is the result of, among others, curvature analysis.
Wang et al. [14] applied the uniform distribution of measurement points located along circular paths in order to conduct coordinate measurements of complex optical surfaces. The authors also pointed out that the element of a measurement strategy is an applied method of the probe radius correction process, presenting two methods for calculating corrected measurement points. The results of applying different methods of the probe radius compensation process may be used when planning the distribution of measurement points, as it was done in the case of the new method, what is explained in the next sections of this paper.
The authors of the article [16] proposed the use of genetic algorithms to optimize the motion path of a measuring probe cooperating with a coordinate measuring machine in order to increase the productivity of manufacturing processes.
The flow chart helpful during measurements of products with the use of coordinate measuring machines was presented in the work [19] . The authors pointed to different algorithms of the distribution of measurement points, which can be used in the case of measurements of form deviations. The authors recommend using, for example, the Hammersley method when measuring probes working in the single point probing mode are planned to be used.
The article [24] concerns a measurement strategy in the case of coordinate measurements of gears. The authors of this work proposed a minimum number of measurement points and their uniform distribution on the surface of a tooth of a gear. Unfortunately, in the case of free-form surfaces, the application of the uniform distribution of measurement points may not be a good idea especially when measurement time should not be too long.
Jiang et al. [25] presented the method of selecting measured cross-sections of a blade and measurement points located in each of measured cross-sections of an analyzed object. The work compared three selected methods of the distribution of measurement points. The most favorable results were achieved in the case of the chordal deviation method. Parallel planes were used to create measured cross-sections due to the type of a measured object.
The method of equi-parametric sampling presented in the work [12] was applied in order to measure a form deviation of curvilinear surfaces. The used method in not sensitive to significant changes of the shape of a measured surface of a product.
Rajamohan et al. [26, 27] proposed new strategies of the distribution of measurement points based on the lengths of investigated curves and the areas of measured surfaces. Moreover, dominant points were used. The dominant points are the points at which the maximum local curvatures of both a curve and a free-form surface occur. In the case of a curvilinear surface, dominant points and corners of a surface form an initial set of points, which is used to create regions of a measured surface. In the next stage additional points are added to the created regions starting from the largest one.
The accuracy of an optical coordinate measuring system using the focus variation technique was analyzed in the paper [28] . The analysis was conducted with the use of four measurement strategies of the distribution of measurement points located on surfaces of measured test spheres and the performed analysis was based on the ISO 10360 standard.
The authors of the article [17] analyzed three selected methods of the distribution of measurement points located on three surfaces of products differing in shape and obtained by different manufacturing methods. The accuracy of, among others, the random distribution of measurement points for different number of points was analyzed. The so-called virtual sampling was applied during the analyses. The aim of the analyses was to select the method of the distribution of points, which includes the smallest possible number of points properly representing a measured surface. Measurement points were selected from the base group of points, which was obtained by means of coordinate measurements.
The estimation of the density function of the probability of geometrical deviations was based on the Parzen Windows technique in the paper [29] . The calculated function was used to identify fragments of a measured surface, which require additional measurements. The proposed method can be used in the case of measurements of both types of products characterized by regular geometric shapes and composed of free-form surfaces. The authors of the paper [30] proposed also the selection of measurement points for subsequent measurements in the case of coordinate measurements of the flatness deviation on the basis of the analysis of the function of the probability of deviations. The presented adaptive method was compared to the random distribution of measurement points and better results were obtained by using the adaptive method.
Wang et al. [31] compared selected methods of the distribution of points in the case of the surface metrology. The comparisons were made for three selected surfaces. The results of, among others, the uniform distribution of measurement points, the Halton method and adaptive methods were analyzed.
Two strategies of measurements are also shown in the work by ElKott and Veldhuis [32] . The paper concerns the selection of scanning lines on surfaces in the case of measurements conducted by a CMM. Two methods are proposed: The method considering maximum differences between a substitute model and a CAD model and the method analyzing the change of the average curvature of a free-form surface. Therefore, the presented methods are based on the analysis of the nominal geometry of a curvilinear surface.
In the work by ElKott et al. [33] four algorithms for sampling free-form surfaces are presented. They are based on: The uniform distribution of measurement points, the areas of surface patches, the list of surface patches sorted with regard to the calculated average curvature of a patch, the area of a surface patch and its average curvature. As in the case of the previous article, the presented methods use only the results of the geometry analysis of an investigated surface in order to distribute measurement points.
Barari [34] presents the algorithm of the distribution of points based on the information about the machining process. This information is obtained from simulations performed by using computer aided manufacturing software.
The authors of the referenced publications have not proposed an automated expert system supporting the user of a given coordinate measuring system in the stage of programming a measurement process and during defining a measurement strategy, which is the necessary element of all measurement programs. Moreover, other authors considered defining the distribution of measurement points independently from other elements of a strategy of contact measurements, what may contribute to increasing time of planning of a quality control process of curvilinear surfaces. Additionally, the mentioned publications do not present the algorithms of distributing measurement points that reduce measurement errors resulting from the probe radius correction procedure and occurring when conducting contact coordinate measurements. Therefore, in this article, apart from the new method of determining the location of measurement points, the system of automated determination of suggested scanning lines and measurement points distributed along scanning lines, which is based on the fuzzy logic, was also proposed. The fuzzy logic has been already successfully used in the field of the coordinate measuring technique. The examples of its application are the processes of calculating corrected measurement points during the probe radius correction process [35] , determining the orientation of a measuring probe [36] , calculating the diameter of circular elements [37] and selecting the distribution of measurement points located on a free-form surface [38] . Unfortunately, the results presented in [38] have not been experimentally verified. The new method of determining the location of measurement points is much more advanced than the previous method presented by Magdziak and Ratnayake [38] . The proposed method includes more input parameters, deciding about the final distribution of measurement points, than the previous method. Moreover, one of the input parameters comes directly from a measurement process and it has a big impact on results of coordinate measurements of free-form surfaces. Additionally, the whole proposed method is much more universal than the previous method because it can be used by the users of coordinate measuring systems equipped with measuring probes working in different modes. Although the new method is intended primarily for measurements carried out in the single-point probing mode, one of its parts may also be used when programming a CMM working in the scanning mode. The results of applying the new method are scanning lines located on curvilinear surfaces and measurement points distributed along mentioned lines. The algorithm shown in [38] allows only to determine the positions of single measurement points in selected parts of a measured product, thus it enables obtaining limited information regarding the real form of a measured product.
The developed system can be used while preparing the technological process of a given product in the initial stages of its production process and therefore speeding up a measurement process of a given product. Moreover, the novelty of the proposed method of determining the location of measurement cross-sections is associated with the distribution of measurement points on curvilinear surfaces not only on the basis of the estimation of the geometrical complexity of a measured product but also taking into account the information about the accuracy of the probe radius correction process, which is one of the factors affecting the accuracy of coordinate measurements. The calculation of coordinates of corrected measurement points on the basis of coordinates of indicated measurement points, representing the center of a stylus tip during its contact with a surface of a measured object, is also the element of a strategy of contact coordinate measurements carried out with the use of, e.g., CMMs, which does not have to be considered independently from other components of a measurement strategy. Therefore, the presented method enables planning the distribution of measurement points together with selecting the probe radius correction method. This, in consequence, simplifies the determination of a measurement strategy, thereby affecting the increase in the efficiency of contact coordinate measurements and the productivity of the entire manufacturing process.
The following parts of this article include, among others, the algorithms of selecting scanning lines and measurement points distributed along selected measured cross-sections, results of simulation investigations for selected theoretical curvilinear surfaces of products and results of experimental investigations for one chosen free-form surface. The presented algorithms are intended primarily for CMMs equipped with measuring probes working in the single point probing mode, which are still often used in the industrial practice. Nevertheless, the new method of the distribution of measurement points can also be used by other measuring systems, e.g., CNC (Computer Numerical Control) machine tools equipped with contact measuring probes, which can be applied when measuring curvilinear surfaces of products. Numerical research was carried out with the use of selected computer-aided design software. Moreover, the MATLAB software was also applied.
New Method of the Distribution of Measurement Points on a Free-Form Surface
The proposed method of the distribution of measurement points consists of two main parts. The assumption of the presented method is the use of measuring probes working in the single point probing mode, which are still used by coordinate measuring machines and CNC machine tools. The first part of the method is related to the choice of the positions of scanning lines, along which measurements are carried out by using a measuring probe of a CMM or a CNC machine tool. The second part of the method concerns the selection of the number of measurement points uniformly distributed along selected cross-sections of a curvilinear surface. The general view of the new method of the distribution of measurement points on a free-form surface is presented in Figure 1 . The algorithms of the individual parts of the proposed method are presented in the following Sections 3.1 and 3.2 of this paper.
Selection of measured cross-sections of an investigated free-form surface
Selection of measurement points distributed along selected cross-sections
STAGE 1 STAGE 2
Non-uniform distribution of measurement points on a free-form surface The new method of defining the distribution of measurement points on free-form surfaces of objects is in accordance with the ISO 1101 standard. In the case of this standard, the following characteristics can be distinguished: The line profile and the surface profile. Both characteristics may refer to measurements of curvilinear surfaces. In the case of the line profile, the positions of measured cross-sections, along which measurements of a free-form surface are performed, should be determined. The need to define a specific orientation of a measured cross-section results from the position of the tolerance zone of the line profile read from a 2D drawing of a considered object composed of free-form surfaces. On the other hand, in the case of the surface profile, measurement points can be arbitrarily distributed on a free-form surface of an object to be measured. The proposed method concerns mainly measurements of the surface profile.
RESULTS OF THE NEW METHOD

Algorithm of the Distribution of Scanning Lines
This subsection presents the algorithm of the first part of the proposed method of the distribution of measurement points, which concerns the selection of measured cross-sections of free-form surfaces. The individual stages of the algorithm of the selection of a scanning line located on a curvilinear surface are presented in detail in Figure 2 .
The first stage of the algorithm is the random distribution of points on a measured free-form surface of a product. This distribution is determined by using the Latin Hypercube Sampling (LHS) method. The LHS method is a statistical method which is used to generate random points on a surface in the case of the presented algorithm. The steps of using the LHS method are as follows:
• a free-form surface is divided into intervals in two directions; • only one point in each row and column of a surface is selected. Moreover, in the case of this method, the user of, e.g., a CMM must make decisions regarding the number of randomly distributed points and their positions in relation to boundaries of an analyzed curvilinear surface. The randomly generated points are not measurement points. In the next stage, a set of planes is created at the distributed points. The planes are used to form cross-sections of a measured surface. The number of planes and the angles between them are the input data processed by the considered algorithm and dependent on the decision of the CMM's user. The third stage of the algorithm refers to the uniform distribution of points along the free-form cross-sections created in the second stage. The points generated in the third stage, like in the first stage of the algorithm, are not measurement points. Their purpose is only to determine places along analyzed cross-sections, in which further calculations will be carried out.
The next steps of the algorithm of the selection of scanning lines concern the calculation of:
• average curvatures for the generated cross-sections based on the values of curvatures at points uniformly distributed along the considered cross-sections;
• lengths of the created cross-sections of a measured free-form surface of a product; • deviations of the analyzed cross-sections from the 2D curve.
The selection of a scanning line for points randomly distributed on a measured curvilinear surface is carried out by using a system based on the fuzzy logic. The input data for the calculations of membership functions of input parameters of the expert system is the information about the curvatures of the analyzed cross-sections, the lengths of the cross-sections of a free-form surface and the deviations of the cross-sections from 2D curves.
The dependence of the choice of the cross-section of a free-form surface, along which coordinate measurements should be made, on its length is the result of the need to distribute measurement points along the largest possible fragments of an analyzed curvilinear surface. This, in turn, increases the chances of locating measurement points in the areas of a measured surface of a product characterized by the largest values of form deviations.
The proposed method also provides measurement points in the parts of curvilinear surfaces characterized by the large curvature. Determining the locations of measurement points based on the curvature of a measured surface is the very often used approach in the coordinate metrology. The curvature is one of the parameters determining the distribution of measurement points applied in the methods proposed by the authors of the works [32, 33] . Moreover, producers of measurement software also use such an approach. For instance, the Calypso software, which is very popular in the industry, also enables defining the distribution of points based on the analysis of the curvature of a surface of a measured product. In the proposed algorithm, an average curvature κ is calculated as the arithmetic mean of curvatures of a cross-section (Equation (1)). The curvatures of a cross-section κ k are measured at selected points uniformly distributed along an investigated section. The method of calculating an average curvature can be easily implemented in CAD software, which contributes to increasing the automation of computations and the reduction of the time of calculations.
where: m-a number of points, at which curvatures of a cross-section are measured. The deviations of cross-sections of a free-form surface from the 2D curve are calculated based on the values of the arithmetic mean of the angles calculated between the vectors normal to a considered curvilinear surface and the vectors located in the planes which pass through sections of a measured surface. The mentioned vectors located in the planes are also normal to investigated cross-sections. The angles between the above mentioned vectors are calculated at selected points uniformly distributed along considered cross-sections of a curvilinear surface.
The number of points uniformly distributed along analyzed cross-sections of a surface, at which mentioned curvatures and angles (which are used for assessing the degree of deviation of a section of a surface from the 2D curve) are calculated, depends on the user of a coordinate measuring system. Therefore, the number of those points is the next input data for the algorithm of the selection of scanning lines, which results from the expected accuracy of numerical calculations.
The real coordinate measurements of curvilinear surfaces can be made by using, for instance, the 2D curve and the 3D curve measurement elements. The example of measurement software using such measurement elements for measuring curvilinear surfaces is the Calypso software package produced by the Carl Zeiss company. In the case of the 2D curve, vectors normal to a free-form curve at given points lie in one plane. In the algorithm of defining the positions of scanning lines, the deviation of a given cross-section from the 2D curve is taken into account due to the types of the methods of the probe radius compensation process that are to be used in the case of real coordinate measurements.
The calculation of the arithmetic mean of the angles ((∑ n k=1 α k )/n, where n-a number of points, at which angles α k are calculated) is necessary because the assumed methods of the probe radius correction process, applied to find the final number of measurement points distributed along a selected measured cross-section of a free-form surface, give the best results for 2D profiles. The analysis of the accuracy of the probe radius correction process is included in the next algorithm of the proposed method regarding the distribution of measurement points along selected measured cross-sections. This algorithm is presented in the next subsection of the article (i.e., Section 3.2), which also includes the description of the applied methods of the probe radius compensation. Moreover, Figure 3 presents the process of the calculation of the deviation of one selected cross-section from the 2D curve.
Investigated free-form surface The final stage of the algorithm concerns the selection of two measured cross-sections for each point randomly generated using the LHS method, located on an analyzed curvilinear surface. The measurements should be carried out along selected scanning lines.
In the case of the analysis of the line profile in accordance with the ISO 1101 standard, the scanning lines, selected from the set of all investigated cross-sections for performing real coordinate measurements, should be located in planes properly oriented with respect to a chosen base surface. The location of a scanning line should be the result of the analysis of a technical drawing of a measured object.
Algorithm of the Distribution of Measurement Points along Selected Scanning Lines
After determining the distribution of scanning lines on a curvilinear surface of a measured object, the next stage of the proposed method concerns the decision about the number of measurement points, at which real coordinate measurements should be performed in the single point probing mode. The algorithm of the selection of the number of measurement points located along the selected scanning lines distributed on a curvilinear surface is presented in Figure 4 .
Measurement points uniformly distributed along selected cross-sections
Number of measurement points Acceptance or non-acceptance of the selected number of measurement points distributed along important cross-sections by using the fuzzy logic
Decision concerning the selection of measurement points based on: -accuracy of the probe radius correction process conducted for selected measurement points -accuracy of substitute curves calculated by using selected measurement points
Analysis of the accuracy of the probe radius correction process conducted for selected measurement points
Analysis of the accuracy of substitute curves calculated by using selected measurement points
Selected measured cross-sections
Finally selected measurement points distributed on an investigated free-form surface Figure 4 . Algorithm of the distribution of measurement points along selected scanning lines.
In the initial stage of the algorithm, the uniform distribution of measurement points along the selected (by using the algorithm presented in Figure 2 ) scanning lines is generated. The initial number of measurement points depends on the user of a coordinate measuring machine and should be based on the user's experience. The selected number of measurement points may result from the expected time required to perform a measurement process. The decision regarding the acceptance of the selected number of measurement points, analogously to the selection of scanning lines located on a free-form surface, is made again by using the expert system based on the fuzzy logic. Therefore, this system is intended to assist the user of a measuring system during the evaluation of the correctness of the selected number of measurement points. The effects of using the expert system are recommendations for not changing, reducing or increasing the pre-selected, based on the CMM operator's experience, number of measurement points located on a measured free-form surface of an object.
The next steps of the algorithm of the distribution of measurement point along the selected scanning lines concern the analysis of the accuracy of:
• process of the probe radius correction carried out with the use of selected compensation methods; • substitute curves fitted to the groups of measurement points generated along the scanning lines and representing a measured free-form surface.
The probe radius correction process is used in order to calculate the coordinates of corrected measurement points on the basis of indicated measurement points. Corrected points represent real contact points of a stylus tip with a surface of a measured product. Indicated points are the center points of a measuring stylus tip. There are many works by various authors, e.g., [39, 40] , dealing with the problem of the probe radius correction process. The system supporting the user in the selection of the number of measurement points examines the accuracy of two selected methods of the probe radius correction. The first one is based on the second degree Bézier curves, while the second one uses the fourth degree Bézier curves interpolating indicated measurement points to calculate coordinates of corrected points. The detailed equations enabling the calculations of corrected measurement points with the use of those two mentioned probe radius correction methods are presented in the work [41] . Moreover, the usefulness of the mentioned probe radius compensation methods in the case of measurements of curvilinear surfaces was analyzed by Kawalec and Magdziak in the paper [41] .
The purpose of creating substitute curves for the selected scanning lines was, in turn, to check whether the declared number of points is adequate to accurately represent the geometric form of individual cross-sections of a free-form surface, along which a measurement process should be carried out.
The analysis of the accuracy of the probe radius correction process consisted of the analysis of the deviations between corrected measurement points, calculated using the above mentioned probe radius compensation methods, and scanning lines. In the case of substitute curves, the analysis of their accuracy was associated with the analysis of the deviations obtained by comparing substitute curves to a nominal model of a free-form surface. The accuracy of the probe radius compensation process and a substitute model increases as the mentioned deviations decrease.
The result of using the new method is the group of measurement points uniformly distributed along the selected scanning lines. This set of points creates the non-uniform distribution of measurement points for a whole measured curvilinear surface of a product. The presented method takes into account the various aspects of contact coordinate measurements. The method uses the information concerning not only the nominal form of a measured object but also regarding measurement errors, which may result from the application of the selected probe radius correction methods in the wrong places of an analyzed free-form surface.
Fuzzy-Logic-Based System
The expert system consisting of two parts and based on the fuzzy logic was developed. The fuzzy set theory has already been applied in order to calculate the number of points located on investigated surfaces [38] . Based on the results of the preliminary research [38] , the use of this theory may improve the process of coordinate measurements of products. For example, the system based on the fuzzy logic may increase the efficiency of contact coordinate measurements by making the planning phase of measurements more automated. Other advantages of applying the fuzzy set theory are the short time of obtaining results of calculations regarding the distribution of measurement points on free-form surfaces and the possibility of using many various input parameters influencing the final distribution of points. Additionally, the expert system based on the fuzzy logic can be easily implemented in commercial measurement software and thus it can be used in industrial conditions.
The individual parts of the system, presented in detail in the Sections 4.1 and 4.2, correspond to two algorithms of the presented method of defining the distribution of measurement points on free-form surfaces of objects. The first part of the system enables the selection of scanning lines on curvilinear surfaces of products from the set of generated cross-sections. In turn, the second one helps making the decision regarding the appropriate number of measurement points located along the selected, by using the previous part of the system, scanning lines. Both parts of the system were prepared by means of the Fuzzy Logic Toolbox of the MATLAB software. Those parts enable automated decision-making in relation to the selected elements of strategies of contact coordinate measurements. In the case of the Fuzzy Logic Toolbox, Mamdani-type fuzzy inference, not the Sugeno system, has been selected because it is very similar to the reasoning process of the users of, e.g., coordinate measuring systems and thus well-suited to a human input. Mamdani's approach is very widespread in many industrial processes [42, 43] . Moreover, the Mamdani systems are very intuitive [42] .
Part of the System Used for the Selection of Scanning Lines
In this part of the system, the input parameters are the curvature of a considered cross-section of a free-form surface, its length and the deviation of a cross-section from the 2D curve. The proposed part of the expert system includes also the additional input parameter related to the evaluation of the difficulty of realizing a coordinate measurement along the selected cross-section of a considered curvilinear surface. The assessment of the complexity of a given measurement task should be carried out by the operator of a coordinate measuring machine. The aim of the application of the additional input parameter, compared to the proposed algorithm of the new method of the distribution of measurement points, for the first part of the expert system, responsible for selecting a scanning line, is to bring the proposed method closer to the real conditions of contact coordinate measurements. The difficulties of measurements along considered cross-sections may result from an applied probing system. The general structure of the first part of the developed expert system is illustrated in Figure 5 . Three Gaussian membership functions (i.e., small, medium and large) were used for the first three input parameters. In the case of the parameter concerning the difficulty of a coordinate measurement, three triangular functions were used. Those functions for the individual input parameters are presented in Figure 6 in the case of the first considered curvilinear surface. The membership functions were created by using the Fuzzy Logic Toolbox of the MATLAB software (MathWorks, Natick, MA, USA). In the case of the Gaussian membership functions, one has to define the membership functions parameters, specified as the vector [σ a], where σ is the standard deviation and a is the mean value [44] . For example, in the case of the first membership function (i.e., small) of the first input variable (i.e., curvature), the membership function parameters were equal to [0.0034 0.0030]. The ranges for those functions have been determined based on the differences between the extreme values of individual input parameters (i.e., a curvature, a length and a deviation from the 2D curve) calculated using the CATIA V5-6 software (Dassault Systèmes) during simulation research, the results of which are presented in the Section 6. The maximum and minimum values of curvatures, lengths and deviations were used to define the values of the x-axes of the plots of the membership functions. The MATLAB software does not require the normalized input data for the expert system. The user of this software can use the input values which are the direct results of the performed calculations.
In the case of the output parameter, six triangular membership functions were used (Figure 7) . The decision regarding the selection of scanning lines is made based on the value of the output parameter. Two cross-sections at each random point, generated using the LHS method, with the highest values of the output parameter are treated as scanning lines, along which coordinate measurements of an analyzed curvilinear surface should be made. The system of the selection of scanning lines from generated cross-sections of a free-form surface is based on the rules, the selected examples of which are presented in Table 1 . 
Part of the System Used for the Selection of Number of Measurement Points
Three input parameters were used for the second part of the fuzzy logic based system. The first two are related to the accuracy of two probe radius correction methods based on the second and fourth degree Bézier curves. The accuracy of the probe radius compensation methods was determined on the basis of the average values of the deviations calculated between scanning lines and computed corrected measurement points. The third input parameter concerns the accuracy of substitute models of selected scanning lines. This accuracy was assessed based on the maximum deviations between offset curves and substitute curves interpolating selected groups of measurement points. The general view of the second part of the system is presented in Figure 8 . Three Gaussian membership functions (small, medium and large) were used for all input parameters ( Figure 9 ). The ranges for individual functions in the case of the second part of the fuzzy logic based system were determined based on the expected measurement accuracy. Three triangular membership functions were used for the output parameter ( Figure 10 ). The value of the output parameter may belong to three different ranges. The decision regarding the proposed number of measurement points is made on the basis of this value. The number of measurement points may be reduced, increased or left unchanged. The selected rules for the part of the system responsible for the assessment of the number of measurement points uniformly distributed along selected scanning lines are presented in Table 2 . 
Selection
Analyzed Workpieces Used during Simulation Investigations
The developed algorithms regarding the selection of scanning lines and the evaluation of a selected number of measurement points distributed along measured cross-sections were verified based on the examples of two theoretical products having upper curvilinear surfaces (Figure 11) . The 3D models of the selected products were created by using the CATIA V5-6 CAD software due to its capabilities in the field of automation of modelling of 3D objects and automated calculations required for the created fuzzy logic based expert system.
The first investigated free-form surface
The second investigated free-form surface Figure 11 . The investigated free-form surfaces of the workpieces.
Simulation Investigations
The simulation research concerned the selection of scanning lines and the number of measurement points distributed along selected scanning lines. The research was carried out for two selected free-form surfaces.
The macros enabling automatic generation of planes passing through points randomly distributed on the given surfaces in order to create cross-sections of the considered curvilinear surfaces and consequently scanning lines were prepared by means of the CATIA V5-6 software. Moreover, those macros enable the automated calculations of the average curvatures of considered cross-sections, their lengths and the deviations of cross-sections from 2D curves. Additionally, the developed macros enable the selection of maximum and minimum values among calculated values of curvatures, lengths of potential scanning lines and their deviations from 2D curves. The extreme values of curvatures, lengths and deviations of cross-sections from 2D curves in the case of the considered free-form surfaces were necessary to determine the membership function of the input parameters for the first part of the system based on the fuzzy logic, which assists a user when selecting scanning lines.
The simulation studies regarding the selection of scanning lines were carried out for 10 points randomly distributed on two free-form surfaces of the products. The points were distributed by using the Latin Hypercube Sampling method and the MATLAB software. The distance of points from the boundaries of the free-form surface equal to 20 mm was used. The applied distance should not be too small to avoid the positioning of scanning lines too close to the boundaries of the free-form surface. A scanning line located too close to the boundary may cause that the real contact coordinate measurements will be impossible to be carried out. The used distance depends on the experience of the user of a coordinate measuring system. For both considered free-form surfaces, the same group of the randomly distributed points was used. Four planes were generated at each random point and the angle between the neighboring planes was equal to 45 • . The applied angle results from the necessity of using the uniform circular patterns of the analyzed cross-sections distributed in relation to the random points generated by means of the LHS method. The uniform patterns were used to simplify the algorithm of the distribution of scanning lines. The need for simplification results from the fact that the method is to be implemented in the industry. The planes were rotated around axes parallel to the Z axis of a coordinate measuring machine due to the assumption that a stylus of a measuring probe should be parallel to both the Z axis of a machine and the group of rotated planes. Such an orientation of a stylus will enable collision-free coordinate measurements of curvilinear surfaces whose shapes are similar to the shapes of the surfaces presented in Figure 11 . Therefore, in the case of the proposed method of the distribution of measurement points, only planes parallel to the Z axis of a CMM were used to calculate cross-sections of the considered free-form surfaces. Thus, the proposed method is based on a different approach than that presented in the article [11] . Bartoň et al. [11] considered all planes in order to find movable planar profile curves, which may be used to generate parts of a given surface. The approach presented in the paper [11] cannot be used in the proposed method of the distribution of measurement points because of possible collisions which may occur during real coordinate measurements. The parallelism of planes and the stylus of a measuring probe results from the applied methods of the probe radius correction.
Moreover, 10 uniformly distributed points were applied to calculate the average curvatures for the generated cross-sections of the free-form surfaces. On the other hand, in the case of the calculations of the deviations of the curves from the 2D curve, the number of points at which the computations were made was equal to 30.
The automatically generated cross-sections for both considered curvilinear surfaces are presented in Figure 12 . Those cross-sections were created using the macros prepared by means of the CATIA V5-6 software and the above mentioned values of the parameters. The scanning lines were selected from the visualized cross-sections by using the expert system based on the fuzzy logic. Moreover, Figure 12 presents the points randomly distributed on the analyzed free-form surfaces. The random points were generated by using the Latin Hypercube Sampling method and they were the basis for creating the cross-sections of the considered free-form surfaces.
The non-measurement random points generated using the LHS method The automatically generated cross-sections Figure 12 . The generated cross-sections for two investigated free-form surfaces and the non-measurement points obtaind using the LHS method. Tables 3 and 4 present the selected results concerning the values of the average curvatures of the generated cross-sections, the lengths of the cross-sections of the measured free-form surfaces of the products and the mean values of the angles being the basis for assessing the degree of the deviation of the analyzed cross-sections from the 2D curve. The medium level of difficulty of coordinate measurements was adopted. That data was the basis for choosing the scanning lines, along which coordinate measurements should be made, with the use of the first part of the expert system. Moreover, those tables include the information about the values of the output parameter calculated by using the first part of the system based on the fuzzy logic. The completed calculations enabled the selection of scanning lines. The selected lines, along which coordinate measurements in the single point probing mode should be made, are presented in Figure 13 for both considered free-form surfaces.
The non-measurement random points generated using the LHS method
The scanning lines selected using the proposed method
The first investigated free-form surface The second investigated free-form surface The evaluation of the accuracy of the probe radius correction process performed by using two selected methods based on the Bézier curves and the accuracy of the substitute geometry representing individual cross-sections and scanning lines of a curvilinear surface was carried out by means of the computer-aided design software Rhinoceros. This software is dedicated mainly to modelling curves and free-form surfaces. In the first place the radius of the stylus tip had to be determined when working with the Rhinoceros software. This value is the fundamental result of the qualification process of probing systems in the case of contact coordinate measurements carried out with the use of coordinate measuring machines and it is necessary to conduct the probe radius correction process. The radius of a measuring tip was equal to 2.0 mm in the case of the simulation investigations. In the next step the offset curves of the selected scanning lines were calculated by using the commands of the Rhinoceros software. Those curves represented the indicated measurement points, for which their corrected equivalents had to be calculated.
The simulation research was carried out for 20 measurement points for both surfaces. The initially selected number of measurement points depends, similarly as in the case of the parameters necessary to generate the group of cross-sections of a surface, from which scanning lines are selected, on the decision of the user of an individual measuring system and the assessment of the time of coordinate measurements. The algorithm of the distribution of measurement points along selected scanning lines assumes choosing the starting number of measurement points, which may be done on the basis of the user's experience. After selecting the initial number, the expert system may modify the applied number of measurement points and this is done independently of the user of a measuring system. The starting number of measurement points could be also chosen randomly but the experience of the user increases the probability of getting the right number of measurement points faster than with the random selection. This, in turn, may reduce the time of planning of a measurement strategy and speed up the start time of real coordinate measurements.
The probe radius correction process was carried out by using two selected methods based on the second and fourth degree curves for 20 indicated measurement points uniformly distributed along the offset curves. Subsequently, the calculated corrected measurement points were compared to the scanning lines. On the basis of this comparison, the values of the average deviations between the corrected points and the scanning lines were calculated for two methods of the probe radius compensation.
Moreover, the substitute models of the offset curves were evaluated for 20 measurement points uniformly distributed along the offset curves. The substitute curves were the B-Spline curves of the third degree interpolating selected measurement points. The cubic B-Spline curves are very often used during the process of modelling products. In the next stage, the substitute curves were compared to the offset curves of the individual scanning lines. The maximum values of deviations were calculated based on this comparison.
The maximum deviations and the mean deviations (determining the accuracy of the analyzed probe radius correction methods) were the basis for the assessment of the selection of the number of measurement points uniformly distributed along the scanning lines of both considered curvilinear surfaces. Tables 5 and 6 present the average and maximum values of the deviations computed for the individual methods of the probe radius correction methods and the substitute curves. The calculations of those values were made for the selected scanning lines (i.e., for each point randomly located on a curvilinear surface, generated using the LHS method, the calculations were performed for two scanning lines selected by using the first part of the expert system presented in the Section 4.1). Moreover, those tables present the values of the output parameter and the recommendations concerning the applied number of measurement points. 
Experimental Investigations
The experimental research was carried out to verify the correctness of defining the positions of the scanning lines by using the proposed method of defining the location of measurement points on curvilinear surfaces of measured objects. The research was carried out for the second considered curvilinear surface (Figure 14) . The measured object consisting of the upper analyzed free-form surface was made of an aluminum alloy by using the five-axis CNC machine tool DMU 100 monoBLOCK (DMG, Nagoya, Japan).
The aim of the experimental investigations was to check whether the scanning lines selected by using the new method of determining the distribution of measurement points enable detection of the deviations of the profile of the considered curvilinear surface that exceed the assumed tolerance. Therefore, the experimental investigations concerned the first part of the created method of defining the distribution of measurement points, which is related to the determination of the positions of scanning lines on a measured free-form surface. In order to check the correctness of the developed method, it was necessary to obtain the information regarding the form deviations of the considered curvilinear surface, which correspond as much as possible to the real deviations. The values of the form deviations were obtained by means of contact coordinate measurements made with the use of the ACCURA II coordinate measuring machine equipped with the VAST XT scanning measuring probe (Carl Zeiss, Jena, Germany). The measuring system applied when performing coordinate measurements of the analyzed free-form surface is presented in Figure 14 . The accuracy parameters of the used system are as follows:
where: E L,MPE -a maximum permissible error of a length measurement; L-a measured length, mm; P FTU,MPE -maximum permissible single-stylus form error; MPE Tij -a maximum permissible scanning error; MPT τij -maximum permissible scanning test duration.
The coordinate measuring machine ACCURA II
The measuring probe VAST XT with the applied stylus system
The measured workpiece composed of the upper free-form surface Figure 14 . The applied measuring system used and the measured free-form surface.
The number of scanning lines uniformly distributed along the measured surface during performing coordinate measurements was equal to 30. The scanning speed equal to 2.0 mm/s was used. The distance between measurement points was equal to 0.5 mm. The applied scanning parameters enabled measuring almost 7000 of measurement points. The application of the large number of measurement points was aimed at obtaining possibly the most accurate distribution of form deviations on the measured free-form surface of the product. The results were analyzed by using the Calypso and the Reverse Engineering software packages of the Carl Zeiss company. The results of the coordinate measurements are presented in Figure 15 . The assumed value of the tolerance of the surface profile was equal to 0.03 mm and the tolerance zone was symmetrically located relative to the nominal curvilinear surface. Figure 15 presents also the scanning lines generated with the use of the first part of the proposed method, along which the coordinate measurements should be performed in the single point probing mode. When analyzing the positions of the generated scanning lines, it can be observed that some of the measured cross-sections run through the fragments of the considered curvilinear surface, which are characterized by the form deviations exceeding the assumed value of the tolerance of the surface profile. Such positioning of measured cross-sections will increase the chances to detect the discrepancy between the actual form of the measured product and its design documentation during conducting real coordinate measurements.
In the case of some commercial methods of determining the location of measurement points on curvilinear surfaces, there is a large probability of not detecting deviations that exceed the accepted tolerance. The examples of such methods are:
• the method that enables the distribution of measurement points between two points located on a measured free-form surface and chosen by the operator of a CMM; • the method of single measurement points, which are randomly selected on a considered curvilinear surface of a measured object by the user of a CMM.
Both above mentioned methods are available in the Calypso measurement software as parts of the Free-form surface measurement element. Figure 16 presents the usage of both methods. The vectors illustrated in Figure 16 are perpendicular to the free-form surface and they represent measurement points. The vectors were automatically generated by the Calypso measurement software. Measurement points were randomly chosen by the user of the applied measurement software. Based on the analysis of the distributions of measurement points, which were obtained using those methods, it can be noticed that there is the very big risk of omitting the parts of the measured free-form surface which are characterized by the worst quality of manufacturing when conducting measurements. This, in turn, may lead to the situation that the measured product will be treated as compatible with its technical specification when in fact its deviations exceed the assumed value of the tolerance.
Measurement points distributed between single points
Single measurement points distributed on the free-form surface Measurement points omitting the parts of the surface characterized by the worse quality of machining Figure 16 . The selected methods of the distribution of measurement points available in the Calypso software.
Implementation of the System Based on the Fuzzy Logic in the Commercial Measurement Software
The created method of determining the positions of measurement points on a measured free-form surface can be implemented in commercial measurement software and thus used in the industry. In the case of the Calypso commercial measurement software, it is possible to define the distribution of measurement points on a curvilinear surface based on free-form curves selected by the user of the software. Those curves can be imported to measurement programs prepared by means of the above mentioned measurement software as the parts of the nominal CAD model of a measured object. The imported nominal model may include the measured cross-sections generated by using the first part of the developed method for determining the location of measurement points. Moreover, the user of a CMM can determine the number of measurement points uniformly distributed along the selected scanning lines by using the appropriate functions of the Calypso software. The adopted number of measurement points for individual scanning lines is the element of the strategy of coordinate measurements and may be the result of using the second part of the developed method for defining the distribution of measurement points. The stages of implementation of the created method in the selected commercial measurement software are presented in Figure 17 . 
Conclusions
The advantage of the developed method is the ability to determine the location of measurement points on curvilinear surfaces on the basis of several factors, thus taking into account different aspects of contact coordinate measurements. The presented method gives users of contact measuring systems the possibility of an individual approach when defining strategies of coordinate measurements. The employees of quality control departments can decide by themselves which aspects of measurements are more important. For example, in the case of some measurement tasks, the measurement time is the most significant parameter, and for other tasks the highest possible accuracy is the most important aspect when performing measurements. Moreover, the advantage of the presented method is not being the part of blind strategies.
The proposed fuzzy logic based expert system enables determining the distribution of measurement points on curvilinear surfaces of measured products not only on the basis of the decision of the operator of a contact measuring system. Therefore, the user of the presented method has less influence on the distribution of points on a measured free-form surface compared to the users of two presented commercial methods of determining the distribution of measurement points.
The obtained results of the experimental investigations confirm the usefulness of the proposed method of defining the distribution of measurement points. In addition, the undoubted advantages of the new method are the increase in the level of automation of defining measurement strategies and the possibility of the implementation of the developed method in commercial measurement software. Those advantages create, in turn, the chances to apply the developed method in various branches of the industry. Moreover, the high level of automation may increase the efficiency of coordinate measurements of curvilinear surfaces.
Further investigations may be aimed at the verification of the created method of the distribution of measurement points during measurements of other examples of free-form surfaces, not only theoretical ones but also occurring in products currently manufactured in the industry. In the case of more complex products, which are composed of many curvilinear surfaces, compared to these analyzed in this article, the proposed method could be used independently for each free-form surface. This would create the non-uniform distribution of measurement points for each surface and finally for a whole measured product. The new method does not take into account the generation of auxiliary movements of a measuring probe when moving a probe between individual measurement points, which may be the subject of further research. However, planning auxiliary movements can be relatively easily done manually by the operator of a CMM by means of functions of commercial measurement software because the proposed method does not require the use of advanced five-axis coordinate measuring machines as in the case of the algorithm presented in the paper [4] . Moreover, the users of most commercial measurement software can simulate a measurement program which is based on the distribution of measurement points generated by using the proposed method. The simulation enables the detection of potential collisions between a stylus tip of a probe and a measured object. Additionally, the further experimental investigations may also concern the second part of the developed method.
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